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1 Introduction 



In this paper we study the existence of positive solutions on ]R JV+1 to semilinear elliptic 
equations 

-Am + u = f(u) (E) 

where N > 1 and / is a nonlinearity which can be thought modeled on the power case 
f(u) — \u\ p ~ 1 u with p subcritical and greater than 1. Equations of this kind are used 
in various fields of Physics such as, for example, plasma or laser self-focusing models (see 
|27) and the references therein). They arise in particular in the study of standing waves 
(stationary states) solutions of the corresponding nonlinear Schrodinger type equations. 

Starting with the work by W. A. Strauss, 28 , the problem of finding and characterizing 
positive solutions v £ H 1 (R N+1 ) of (E) has been widely studied. We refer to the paper by 
H. Berestycki and P.L. Lions [7] (in the case N > 2, see [5] for N = 1) where nearly optimal 
existence results regarding least energy solutions for (E) are obtained. Their mountain pass 
characterization, and so information about their Morse index, is given by L. Jeanjean and 
K. Tanaka in [16] , In the pure power case, uniqueness and non degeneracy properties of 
solutions of (E) in H 1 (M. N+1 ) was derived by M.K. Kwong in |17j . Regarding the uniqueness 
problem for more general nonlinearity /, we refer to the paper by J. Serrin and M. Tang, 
[2"5] . and to the references therein. 

A new kind of entire solutions of (E) has been introduced by N. Dancer in [T^j. Denoting 
(x,y) £ M. N x K a point in K^" 1 " 1 , we note that a ground state solution uq(x) of (E) in 
Mr can be thought as a solution of (E) on IR^" 1 " 1 , which is constant with respect to the y 
variable. In the pure power case (or anyhow assuming the nondegeneracy of the ground state 
solution) Dancer proved, by using bifurcation and continuation arguments, the existence 
of a continuous branch of entire positive solutions of (E) in ]R Ar+1 bifurcating from the 
cylindric type solution uq. These solutions are periodic in the variable y and decay to zero 
as |x| — > +oo. Different periodic Dancer's solutions (suitably rotated) were then used in the 
pure power case as prescribed asymptotes in the constructions of multiple ends solutions of 
(E) by A. Malchiodi in gD] and by M. del Pino, M. Kowalczyk, F, Pacard and J. Wei in 

Related to the above papers is the one by C. Gui, A. Malchiodi and H. Xu, [T5], where 
qualitative properties (such as radial symmetry with respect to the variable x and eveness 
with respect to y) of positive solutions v(x,y) of (E) which decay to zero as |x| — > +oo 
(uniformly w.r.t. y) are established. Their study is based on moving plane techniques to- 
gether with the use of some Hamiltonian identities which are connected with the Lagrangian 
structure of that kind of problem. 

To describe the Hamiltonian identities which are used in [15] and to introduce precisely 
the problem studied in the present paper, note that prescribing the decay properties of a 
solution v only with respect to the variable x £ M. N , naturally gives to the variable y the role 
of an evolution variable. In this respect, as usual in the evolution problems, all the solutions 
v of (E) described above belong to the space X = L? oc (M, H 1 ^)) n i?/ oc (R, L 2 (R N )) and 
verify (at least in a weak sense) the evolution equation 

d%v(;y) = V'(v(;y)), y£M, (1.1) 

where V is the gradient in H 1 (M. N ) of the Euler functional relative to equation (E) on R N , 

V(u)= I i|Vu| 2 + \\u\ 2 -F(u)dx, uetf 1 ^), 

where F(s) = f(t) dt. We will refer to this kind of solutions as layered solutions of (E). 
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Noting that equation (1.1) has Lagrangian structure, one can think to the variable y 
as a time variable and to the functional U — — V as the energy potential of the infinite 
dimensional dynamical syste m. E very layered solution v defines a trajectory y G K — > 
v(-,y) G i? 1 (E Ar ), solution to (1.1). In this connection, any u G ff 1 (M Ar ) which solves (E) is 
an equilibrium of ( 1.1 ) and the solutions found by Dancer are periodic orbits of the system. 



Since the system is autonomous, if v is a layered solution to (E) then the .Energy function 



V -> K(y) = ^I^O'JOIIl^r") - V{v(-,y)) 

is constant (a formal proof of this Hamiltonian identity for a general class of elliptic equations 
can be found in [9] and [14] . see also [2] for the case of Allen Cahn equations). 



In the present paper, in analogy with the study already done for Allen Cahn type equation 
in [2], [I] (see also [T] for Allen Cahn system of equations), we study the problem of 
finding layered solution of (E) with prescribed energy. In particular we study the problem 
of looking for connecting orbit solutions with prescribed energy. 

To be more detailed, we precise our assumption on the non linearity /. We assume that 
(/l) feC\R), 

(/2) there exists C > and p G (1, 1 + ^) such that |/(i)| < C(l + \t\P) for any t G M, 
(/3) there exists fi > 2 such that < fiF(t) < f(t)t for any t ^ 0, where F(t) = f Q f(s) ds, 
(/4) f(t)t < f'(t)t 2 for any t ? 0. 

As it is well known, (/l)-(/4) are more than sufficient to guaranty that V G C 1 (H 1 (R N )) 
and that it satisfies the geometrical assumptions of the Mountain pass Theorem. Setting 
c - inf 76 rsup te[0il] 7( 7 (t)) I where r = { 7 G C([0, 1], H\R N )) \ 7 (Q) = 0, V( 7 (l)) < 0}, 
we have that c > is an asymptotical critical level for V. Concentration compactness 
arguments allow to prove that c is actually the lowest positive critical level of V. Then, the 
definition of the Mountain pass level implies that given any b G [0, c) the sublevel {V < b} is 
the union of two disjoint path connected sets V^L and Vi, where we denote with V_ the one 
which contains 0. The main result of the present paper establishes that given any b G [0, c) 
there exists a layered solution v of (E) with E v = —b and which connects the set and 
V^_, in the sense that liminfj^-too dist i 2( R N) («(•, y), V±) = 0. Precisely we prove that 

Theorem 1.1 If F satisfies (fl) — (/4) then for any b G [0, c) the equation (E) has a 
solution Vb G C 2 (M. N+1 ) with energy E Vb — —6 and such that 

i) v b >0 on R n+ \ 

ii) Vb(x,y) = Vb(\x\,y) — > as \x\ — > +oo. uniformly w.r.t. 
Hi) d r Vb{x, y) < for r = |sg| > and y G M. 

Moreover, if b > 0, 

iv) there exists > such that Vb is periodic of period 2Tb in the variable y and symmetric 

with respect to y = and y = Tb- 

v) d y v b {x,y) > onR N x (0,T b ), v b (-,0) G V b _, v b (-,T b ) G V b + . 
Finally, if b = 0, 



3 



v) vo E is radially symmetric and d r Vo < for r = \(x,y)\ > 0, 

vi) Vq(-,0) E and Vq is a mountain pass point of the Euler funcional relative to (E) on 

H 1 (R N+1 ). 

Theorem |1.1| gives the existence for any b E [0, c) of a positive layered solution Vb to (E) 
with energy —b which is radially symmetric and decaying to as \x\ — > +oo uniformly with 
respect to y € R. When b > the solution Vb is a periodic solution of period 2Tb which 
is symmetric with respect to y — and y = 7],. It can be thought as a trajectory which 
oscillates back and forth along a simple curve connecting the two turning points Vb(-, 0) E V*L 
and Vb(-,Tb) E V+. These solutions, which we call brake orbit type solutions, are clearly 
analogous to the Dancer solutions. When 6 = the solution vo defines a trajectory which 
emanates from E i/ 1 (]R Ar ) as y —> — oo, reaches the point v(-,Q) E V° and goes back 
symmetrically to for y > 0. It can been thought as a homoclinic solution to € H 1 (M. N ) 
and it is in fact the mountain pass point of the Euler funcional relative to (E) on 7J 1 (B ,Ar 1 1 1 



Finally we can think at the mountain pass point of V in H 1 (R N ) as an equilibrium of (U.lk 
at energy — c. The Energy diagram here below wants to summarize these considerations. 



N + 1 Mountain Pass point = Homoclinic orbit type solution 
Dancer Solutions = Brake orbit type periodic solutions 
N Mountain Pass point = Equilibrium. 



To prove Theorem we make use of variational methods and we apply an Energy 
constrained variational argument already introduced and used in [5], (3] and [3]. Given 
b E [0, c), we look for minima of the renormalized functional 




tp(v)= / ^\\d v v{-,y)\\ 2 L2{RN) + (V(v(;y))-b)dy 
Jr 

on the space of function v E X which are radially symmetric with respect to x E K Af , 
monotone decreasing with respect to |rc| and which verify 

liminfdist i 2 (R iv ) (u(-,y), V±) = and inf V(v(; y)) > b. (1.2) 

y— ¥±cc yeH 

Thanks to the constraint inf ye R V(v(-, y)) > b, the functional ip is well defined on this class 
of functions. Moreover, its minimizing sequences admits limit points v E X (a priori not 



verifying (1.2)) with respect to the weak topology of -ff/ oc (M 2 ). 

Defining a — sup{y E K / v(-,y) E V^_} and f = inf{?/ > a / v{-,y) E V^}, we can prove 
that — oo < a < f < +oo (indeed a > —oo when b > 0) and lim J; _ i . 3 + dist(u(-, y), V^) = 0, 
v(-,f) E V\ and V(v(-,y)) > for any y E (a, f). Then, the minimality properties of v 
allow us to prove that v solves in a classical sense the equation (E) on M. N x (a, f) and 
Ev{y) = ~b for any y E (<r, r). This will imply that v satisfies the boundary conditions 
lim 2/ _ >ff + d y v(-,y) = lim y ^. ? - d y v(-,y) = in L 2 and the entire solution Vb is recovered from 
v by translations, reflections and, eventually, periodic continuations. 

The variational approach that we used is similar to the one already applyed in the study of 
the Allen Cahn type equation in [5] , [5] , [3] , but the present case is much more complicated 
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due to some natural lack of compactness and weak semicontinuity of the problem. This 
mainly depends on the competition between the term ||w||^i( R jv) and J RN F(u) which enters 
in the definition of the potential functional V(u) with different sign. This explain why we 
assume in (/2) that p < 1+4/iV. The exponent p = 1 + 4/N is in fact critical with respect to 
the existence for the minimum problem inf{V^(u) | u G H 1 (R N ), ||u||£jrR*n = 1} and, related 
to that, with respect to the property of orbital stability of the solutions of (E) in H 1 (R N ). 
We recall that the ground state solutions of (E) in H 1 (R N ) are stable when 1 < p < 1 + 4/N 
(see [TT]) while the solutions of (E) in H 1 (R N ) are unstable when 1 + 4/N < p (see [B] 
for the case 1 + 4/N < p and for p — 1 + 4/iV). Another (related) criticality of the 
exponent p = 1 + 4/N is the fact that the sets V± have positive L 2 (R N ) distance if and only 
if p < 1 + 4/N (one can simply verify it by using dilations in the pure power case). Even 
if we think that this assumption is only technical and can be probably overcome, here we 
begin to study the problem in this more compact setting. 

The paper is organized as follows. In section 2 we recall some properties of the functional 
V studying in particular the structure of the sublevel set V± • The study of the functional 
tp and the use of the energy constraint variational principle described above is contained in 
section 3. 

Acknowledgments. We wish to thanks Andrea Malchiodi, Margherita Nolasco and 
Vittorio Coti Zelati for the useful comments and discussions. 

Remark 1.1 Since we look for positive solution of (E) it is not restrictive to assume, and 
we will do it along the paper, that / is an odd function 

(/5) f(t) = -f(-t) for any t > 0. 

Moreover, we list also some plain consequences of (/l)-(/4). 

i) By (/l) and (/3) it is straightforward to verify that /(0) = f'(0) = and so f(t) = o(t) 
as t -> 0. 

ii) By (i) and (/2) we have 

Ve > 0, 3A £ > such that \ f(t)\ < e\t\ + A s \t\ p , Vie!, (1.3) 
from which we also derive 

Ve > 0, 3A £ > such that \F(t)\ < ||<| 2 + ^|t| p+1 , Vt € M. (1.4) 

hi) By (/3), if t ^ and s > 0, we have £F(st) = \f{sb)sb > ^F(st). Hence, 

F(st) > F(t)s M whenever and s > 1. (1.5) 

iv) By (/4), one plainly verify that, for any t ^ 0, 

the function s H> ~f(st)t is strictly increasing for s > 0. (1-6) 

For the sake of brevity in the notation, along the paper we denote = ||m||jji(rn), \\u\\ p = 
IMIlp(r«) and (u,v) = (u, w) H i (Rn) , (u,v) 2 = (u, u)i,3(k») for n = N or n = N + 1 . More- 
over dist(vl, B) = dist L 2( K jv)(A, B) = in£ ve A, weB \\v — w\\ 2 and dist(it, B) = mf veB \\u — v\\2 
for A,B C L 2 (R N ), u G L 2 {R N ). Given y G 1 N we set B r (y) = {x G R N / \x\ < r} and 

B r = B r (0). 
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2 The Potential functional 

In this chapter, we study some properties of the functional V : H 1 (R N ) — > R defined by 

V{u) = \\\u\\ 2 - / F{u{x))dx. (2.1) 



2.1 The Mountain Pass structure. 

Here we list some classical properties of V , in particular the ones regarding its mountain 
pass behaviour. 

First of all we recall that V is regular on iJ 1 (R Ar ) (see e.g [5] and [2Tj). 

Lemma 2.1 V G C^iJ 1 ^)) iwt/i V'(u)/i = J RN VuVh + uh- f(u)hdx andV"(u)h-h = 
J R \Vh\ 2 + \h\ 2 - f{u)h 2 dx for all h G fl^R"). 

Moreover the functional V satisfies the geometrical hypotheses of the Mountain Pass Theo- 
rem. Indeed, since p + 1 < 2* N , by the Sobolev Immersion Theorem and Remark |l.l| -(ii) we 
obtain 

Lemma 2.2 There exists p G (0, 1) such that if ' u G H 1 (M. N ) satisfies \\u\\ < p then V(u) > 
\\\u\\ 2 andV'{u)v> («,«)- |||«||||»|| for all v G _ff 1 (]R JV ). 



By Lemma 2.2 in particular we get that inf \UM=p V(u) > \p 2 > 0. Moreover, by Remark 
Ll^iii), we have that if u e H 1 {R N )\{0} and s > 1 then V(su) = s 2 \\u\\ 2 - f Rn F(su)dx < 
P1Jm|| 2 - s^ f Rn F(u) dx and hence V(su) -> -co as s ->• +oo for all u G i^QR^) \ {0}. 
Hence, defining 

^ = {7GC([0,l],i^ 1 (IR A, )) : 7 (0) =0, 7 (1)^0 and F( 7 (l)) <0} 

and setting 

c = inf max VH(s)), 
7ers6[o,i] 

we get c > jp 2 and by the Mountain Pass Theorem (see e.g. [25]) there exists a Palais 
Smale sequence for V at level c. 

Moreover, by (/3), the following inequality holds true 

pV{u)-V\u)u = {±-l)\\u\\ 2 + f f( u )u-pF(u)>^\\u\\ 2 , (2.2) 
from which in part icular we derive that the Palais Smale sequences of V are bounded in 



H 1 ^). By (2.2), we obtain also that if V'{u) = and u ± then V(u) > ^ 



showing that V has not critical points (or Palais Smale sequences) at negative levels. 
The existence of a mountain pass critical point of V can then be deduced by using concen- 
tration compactness argument. We have 

Proposition 2.1 There exists wo G H 1 (M. N ) such that V(wq) = c and V'(wo) = 0. More- 
over Wq G C 2 (M. n ) is a solution of (E) on WL N , Wq > 0, Wq(x) — > as \x\ — > +oo and, up to 
translations, Wq is radially symmetric about the origin with d r WQ < for r = \x\ > 0. 

We refer for a proof to [7], for N > 3 and [S] for N = 2, where a more general existence 
results regarding least energy solutions for scalar field equations is given. Their Mountain 
pass characterization is proved in |16j . The case TV = 1 is easier and we omit the proof. 

Fixed u G 77 1 (IR Ar ), the assumption (/4) allows us to describe the behaviour of V along the 
rays {tu \ t > 0} in H 1 (SL N ). 
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Lemma 2.3 For every u £ H X (R N ) \ {0} th ere exists t u > such that 

f t V{tu) > forte (0, t u ) and f t V{tu) < for t £ (t u , +oo). (2.3) 

Moreover V(t u u) > c and for any b £ (0,c) there exist unique a M .h G (0, t u ) and w U) b G 
+oo) suc/i i/ia£ F(a u .j,ii) = V(uj u ^u) = 6. Finally the function t t— > V' (tu)tu is decreas- 
ing in (t u , +oo). 

Proof. We have 

f t V{tu) = V'(tu)u = t(\\u\\ 2 - \ { f{tu)udx). (2.4) 
By (/4) the function £ i— > | J" RJV f(tu)udx is stricly increasing in (0, +oo) for any n / 



and so, by (2.4), the fuction ^V(tu) can change sign at most in one point t u > 0. Then 
E% followssmce V(0) = 0, V(su) > js 2 \\u\\ 2 for s G (0,p/||u||) and F(su) -oo as 



s — > +oo. By (2.3) we deduce T^(i u u) = max s >o V(su), and, by the definition of the 
mountain pass level, we have V(t u u) > c. Given b £ [0, c), since V(0) = 0, V(tu) < for 
t large and V(t u u) > c, by continuity there exist (unique by (2.3)) < a u ^ < t u < u) u> b 



such that V(a u .bu) = V(u> u ,bU) — b. We finally note that by (/4) we have 4rsV(tu) — 
\\u\\ 2 — J RN f'(tu)u 2 dx < \\u\\ 2 — j J RJV f{tu)udx < for any t > t u . We conclude that 
f t V'(tu)tu = i(t£ t V(tu)) = tj^V{tu) + f t V{tu) < for any t > t u . □ 

Remark 2.1 Note that if V'(u)u = and u^Owe have ^V(tu)\ , = V'(u)u — and so 



t u = 1. Then, by Lemma 2.3 V{u) — V{t u u) > c whenever u^0 and V'(u)u = 0. 



Remark 2.2 We note that, since by (/2) we have p < 2* N +i ~ 1> a ^ the results stated and 
proved in the present sections holds unchanged for all m £ {1, . . . , N + 1} considering the 
functionals 

V m (u) = HM&i^m) - / F(u(x)) dx, u £ H\R m ). 



2.1 



es- 



In particular, denoting c m the mountain pass level of V m in H 1 (M. m ), Proposition 
tablishes that V m has a positive, radially symmetric, critical point w £ H 1 (W n ) at the level 



2.2 Further properties of V on the space of radial functions. The 
sublevels and 

From now on we reduce ourself to work on the subspace of H 1 constituted by radial functions: 
Ht(R N ) = {u £ H 1 (R N )/u(x) = u(\x\)}. We recall that by the Strauss Lemma (see [21], 
PI ) H}(R N ) is compactly embedded in L q (R N ) for all q £ (2,2* N ). Thanks to the Strauss 
Lemma the functional V is weakly lower semicontinuous on H^(R N ). 

Lemma 2.4 Let u n —> u and v n —> v weakly in H^(R ). Then 

lim / F(u n )dx = / F(u)dx and lim / f(u n )v n dx= / f{u)vdx. 

n->+oo /row ./b jv ?i->+oo „ N ./»» 



Hence V(u) < liminf V(u„), V'(u)u < liminf V'(u n )u n and, for every h £ H^(R N ), 

n— >+oo n— >+oo 

V'(u)ft= lim V'(u n )h. 
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Proof. Since, by (/2), p+ 1 < 2^, we have H^(R N ) is compactly embedded in L P+1 (R N ) 
and so u n — > u and i>„ — > v strongly in L P+1 (M. N ). Then, since by (1.3) we have that for all 
e > 

\F(u n ) - F(u)\ = I / f(u + s(u n -u))(u n ~u)ds\ 
Jo 

< e|u„ - u|(|u| + \u n - u\) + 2 p - 1 A e \u n - u\{\u\ p + \u n - u\ p ), 
we deduce that as n — » +oo 



K N 



|F(u n ) - F(u)| < e||u„ - u|| 2 (||u|| 2 + ||u n - u\\ 2 ) 



:lp+l(IMI£+l + 



t||p+i) = s\\u n - u|| 2 (||u||2 + \\u„ - u\\ 2 ) + o(l). 



Since e is arbitrary and \\u n — u\\ bounded, we deduce that J RN F(u n ) dx — > J RN F(u)dx. 
We show now that J RN f{u n )v n dx —> J RN f{u)vdx. First we write 



f(u n )v n dx= / f(u n )(v n - v)dx + / f(u n )vdx. (2.5) 
We note that by (1.3), since \\v n — i>|L+i — > 0, as n —> +oo we have 
I / f(u n ){v n -v)dx\ < / e\u n \\v n - v\ + A £ \u n \ p \v n - v\ dx 

JR N JR N 

< ellttnlUlbn - v\\ 2 + A e \\u n \\^ +1 \\v n - v\\ p+1 = e\\u n \\ 2 \\v n - v\\ 2 + o(l) 



and so, since e is arbitrary, we deduce J RN f(u n )(v n — v)dx — > 0. Then, by (2.5), our claim 
follows if we show that J RN f(u n )vdx — > J RN f(u)vdx. For that we fix e > and choose 
R > such that f\ x \ >R \v\ 2 dx + fi x i >R \v\ p+1 dx < e. By (1.3), with e = 1, we have 



f(u n )v-f(u)vdx\ < 



\x\>R 



(lunl + luDH+AiduC + KHIwlda! 



\x\>R 



< e^ 2 (\\u n \\ 2 + \\u\\ 2 ) + ^ ie 1 /(P + D ( || Uri ||P +i + 



and, since e is arbitrary, we deduce J, , >R f(u n )v dx —> J\ X \ >R f( u )v dx. On the other 
hand we have u n u in L 2 (B R (0)) and in L p+1 (B R (0)). Then for any subsequence 
(u nk ) there exists a subsubsequence (u nk .) and a function -0 € L 2 (-Br(0)) n L p+1 (B r(0)) 
such that u nk \x) — > u(x) a.e. in B R (0) and |u nfc .(a;)| < ip(x) a.e. in Br(0), for any 
j e N. Using again Ob we obtain \f(u nk .) - f(u)\\v\ < + \u\)\v\ + + 
on B R (0) for any j G N. Then, by the dominated convergence theorem, we get 
§,, <R f(u nki )vdx — > /| x | <fl f{u)v dx. Since the subsequence (un fc ) is arbitrary we conclude 
that J,, R f(u n )vdx — > J, | R f(u)vdx and the Lemma follows. D 



For our study it is important to understand the structure of the sublevel sets V b = 
{u G i? r 1 (IR JV )/U(u) < b}. By definition of the Mountain pass level the set V b is not path 
connected for any b G [0, c). Given 6 G [0, c), recalling Lemma [2. 3 1 we denote 

V b _={tu\ue H}.(R N )\{0}, t G [0,a U)6 ]} and = {tit | it G i7 r 1 (M JV )\{0}, t G [w^.+oo)}. 

Clearly 

V 6 = U Vj. 
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Remark 2.3 The set V!L is clearly path connected (starshaped indeed, with respect to the 
origin). The same holds true also for V+. Indeed, given ui,U2 G V+ such that b > b\ = 
V{u\) > &2 = V{u2) we can connect them considering the path j(s) — Ub 1 ,(i-s)u 1 +su 2 ((l ~ 
s)u\ + SU2) for s G [0, 1] and 7(5) = suj^.u^ f° r s G [lj l/ w 6 l ,u 3 ]- The function 7 is continuous 
since the mapping it G H^{M. N ) lj u £ € R is continuous for any b < c. 



Remark 2.4 By definition of mountain pass level and Remark 2.3 if 7 G C([0, 1], ^(IR^)) 
is such that 7(0) € V* and 7(1) G V\ then max s6 [ .i] V("f( s )) > c. Secondly note that by 
Lemma 12.31 



V'={«£ H^(R N ) /a u . b > 1} U {0} and V b + = {u e H$(R N ) /w„, 6 < 1} for all 6 G [0,c). 

Moreover if 6 G (0, c) then 

u G \ {0} if and only if V(u) < b and V'(u)u > 0. (2.6) 

V'(u)u > 0. Viceversa if 
V(u) < b. Analogously if 



2.3 



Indeed, if it G \ {0} then 1 < a u ^ < t u and so, by Lemma 
V(u) < b and V'(u)u > then 11 / and 1 < a u ,bi from which 
b G [0, c) then 

u G V+ if and only if V(w) < 6 and V'(u)u < 0. 
Lemma 2.5 If b £ [0, c) i/ien and are weakly closed in H^(M. N ) 



Proof. Let (u n ) C V^L be such that u n 



uq weakly in (JsL N ). By Remark 



2.2 



we deduce 



2.4 



(2.7) 



we have 
> p for 



V(u n ) < & and V a '(u„)m„ < 0. Since V'(u n )u n < 0, by Lemma 
any n G N. Moreover since F(it n ) < b, by Lemma 2.4 we obtain V(uq) < b. By Lemma 2.4 
we know also that J Rn f(u n )u n dx — > J R „ f(uo)uo dx and, since V'{u n )u n < 0, V^'(ito)uo < 0. 
By (2.7), to prove that uq G we have to show that V'(uq)uo < 0. For that, assume by 
contradiction that V'(uo)uq = and note that, being V(uq) < b < c, by Remark 2.1 
have wo = 0. Then L n f(u n )u n dx — > and so > V {u n )u n > p 2 + o(l) as n 
contradiction which shows that V+ is weakly closed 



we 



+00, a 



2.4 



we 



Let now (u n ) C V^L be such that u n — >• uo weakly in if*(]R ). Again using Remark 
have V(u n ) < b and V^'(it n )u rl > 0. Hence, by Lemma [2. 4| we deduce that V(uo) < b. To 
show that u G it s uffice s to show that V'(uo)uq > 0. Assume by contradiction that 
V'(uo)uq < 0. Then, by (2.7), we have uq G V\. Consider the pat h ■Jnj s) = uq + s(u n —uq), 

G Vt , by Remark 



s G [0, 1]. Since 7„(0) 



u G V+ and7„(l) 



2.4 



G (0,1) such that V(^ n {s n )) > c. We note also that ||7 n (s)||2 < 



for any n G N we find 

W0H2 + \\u n - Mo||2 < 



Ci < +00 and ||7n(s)||p+i < ||uo||p+i 



s G [0, 1]. Then, choosing e = ^4, by (1.3) we get 



u o||p+i < C2 < +00 for any n G N and 



filn{s)){u n - u )dx\ < £||7„(s)|| 2 ||m„ - U0II2 + A e \\j n (s)\\P +1 \\u n - u o|| P +i 



c-b 



A e Cl\\u n - Wo||p+i for any s G [0, 1]. 



Hence we derive that for any s G [0, 1] and n G N there results 



ds 



V( 7n (s)) = V'{ 7n (s)){u n -u ) 

> s\\u n - u \\ 2 + (u ,u„ - u ) - ^ - A s C%\\u„ - u \\p+i 



Integrating on [s n , 1] we get 

b-c> V(u n ) - V(7„(s n )) > ^ + (1 - s n )((u ,u n - u ) - A e Cl\\u n - «o||p+i)- 



Since (wqj u n — Uo) — A s C2\\u n — wo||p+i ^Owe obtain the contradiction > b — c > O 
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Remark 2.5 Note that, by (2.2 1, if b G [0,c) and u G Vi, since V'(u)u > 0, then 

IMI 2 < ^ 2 v(u) < J&b. 



In particular we obtain that V_ is bounded in H^(M. ). Then, by Lemma 2.5 V_ is weakly 
compact in H^(R N ) and if (u n ) C V* is such that u„ — > u with respect to the L 2 (R N ) 
metric then uq G V_. 



Lemma 2.6 7/ 6 € [0, c) we have v~^(b) : — inf^gyb 



-V'(u)i 



*{i>ll«iii} 



> 0. 



Proof. First note that, by (2.2 1, if u G V+ is such that > ^§ or V(u) < then 



V 1 (u)u ^ p-2 ||u|| : 

Ti ^ 71 FT 7 



Assume now by contradiction that there exists (u n ) C 



V| such that < V[u n ) < b, \\u n \\ 2 2 < f± and 
Since u n G V+, by Remark 



2.4 



since, by Remark 2.1 \\t Un u n 



-V'(u„)u„ 



r T - ry — ^ 0. Then V'(u n )u n 0. 

we have t Un < 1. By (2.2 1 we have ||u„|| 2 < ^^6 + o(l) and 
> p, we deduce that t Un > ^j^p > whenever n is large. 
By Lemma |2.3| we have | V'(su„)stt n | < |l^'(u n )u„| for any s G (t Ura ,l), and we conclude 
c- b< Jj"" ^I/(su„)ds = J 1 " n iV(su n )su n ds < - log(t„„)|y' (m„)u„| ->■ as n ->• +oo, 
a contradiction which proves the Lemma. □ 



Lemma 2.7 7/6 g (0, c) i/ien ^ (6) := inf ueV (b+c)/2, y b V^'(u)u > 0. 

Proof. By contradiction, let (u n ) C vi h+c)/2 \ V h _ be such that V'(u n )u n -> 0. Then, by 
Remark 2.5 there exists uq G \>^ +c ^ 2 such that, up to a subsequence, w„ — > Uq weakly 

that 



in HrfRr). By Lemma 2.4 V'(uo)uo < liminf V'{u n )u n = 0. Since u G V. 
implies u = and then, again by Lemma 
||w n || 2 +o(l) -> and so u n -> 0in77 1 (M") t 
□ 



(fc+c)/2 



2.4[ J" R „ f(u n )u n dx — > 0. Hence V'( 
iat gives the contradiction < b < V(u n ) —> 0. 



Finally, we display some properties depending on the assumption p < 1 



First, as a particular case of the Gagliardo Nirenberg interpolation inequality (see [H]), we 
have that there exists a constant k = k(N,p) > such that for any u G 77* (K. ), there 
results 

Nlp+i < K\\u\\ e 2 \\Vu\\\- e , where i-0=fj£. (2.8) 

Moreover, note that, by (1.4), we have F(t) < \\t\ 2 + ^j-\t\ p+1 for every t G R. Therefore, 
if u G H$(R N ) \ {0}, by (2.8) there results 



v(u) > m u \\t i 



A1/2 



II «ll 



P+ 1 IIVu 



|2-(p+l)(l-8) 



where, since p < 1 + 4, by (/2), we have 



(p + l)(l-0) = f(p-l)<2 



(2.9) 



(2.10) 



By (|2_9| and ( |2.10[ ) it follows directly 

Lemma 2.8 If (u n ) c H^(R N ), sup||u„|| 2 < +oo and ||Vw„|j 2 — > +oo i/ien V(u n ) — > +oo. 
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In particular V+ enjoys the following property. 



Lemma 2.9 If b £ [0, c), for any Mi > there exists M2 > such that if u C and 
IMI2 < Mi t/ien ||Vu|| 2 < M 2 . 



Remark 2.6 Note that by Lemma 
that u n —> uq with respect to the L' 



2.9 



and Lemma 



2.5 



P) metric then u G 
Another consequence is the following one 



we derive that if (u n ) C V\_ is such 



Lemma 2.10 For any b u b 2 G [0,c) £/iere reswZi 5(&i,6 2 ) : = dist(Vf I ,V+) > 0. 

Proof. Clearly 5(61,62) < +00. Let (tt n ,i) C V^ 1 and (tin 2) C V+ be such that ||it n ,i 



U n ,2\\2 



5(61,62). By Remark 



u n ,2\U < 7^T2 & i + ${hM) + o(l). Then (u„ >2 ) is bounded in L 2 



2.5 



we know that ||u„.i|| < -jjz^bi and hence we obtain 



H-2 



By Lemma 



2.8 



since V(u ni 2) < 62, we obtain that sup ngN ||Vw n , 2 || 2 < +00 and so that (w n , 2 ) is boundec 
also in H^(R N ). Then there exists two subsequences (u n .i) C (w n ,i), (u nj .2) C (u n ^) 
which weakly converge respectively to U\ G H},{R N ) and m 2 G H^(R n ). By Lemma 



2.5 



we 



have u\ G V_ x and u 2 G V + 2 and by the weak semicontinuity of the L norm we deduce 



5(61,62) < 1 1 ui -M2II2 < limj-H-oo ||u n ^i - u„ 3 , 2 || 2 
5(6i, 62) = ||ui — z/2 1 1 2 > and the Lemma follows. 



5(61,62). Since u\ 7^ u 2 we have 

□ 



As a further consequence of the assumption p < 1 + 4/N, we give a result concerning the 
behaviour of V along sequences in H^(R N ) which converge to a point u Q G H^(R N ) with 
respect to the L 2 (R N ) metric. 



Lemma 2.11 let u n ,uo G H^(R N ) be such that \\u n — Uo|| 2 - 
lim inf n-j.00 ||V(u„ — ) 1 1 2 > 0. Then there exists n G N such that 



as n 



+00 and 



V{u n ) - V(u Q + s(u n - m )) > 1(1 - s)||V(tt„ - uo)||l, Vs G [0, 1], n > n. 



Proof. Setting w„ 



■uq, by (1.3 1, since w n — > in L (R ) we recover that there exists 



C > such that, for any s G [0, 1], 

F(u + w n ) - F(u Q + sw n )) dx\ = I 



f(u + aw n )w n da dx\ 



< 



||uo||2|kn||2+^kn||2+^l2 P ~ 1 (||u ||^ 1 ||'U;„|| p+ l + 0-^W n \\ P %\) d(J 



<C(l-a)(o(l) + |K|| P+ i + \\w n \\ p p + + \) 



We now note that, since liminf„_ 



-+00 



|Vui n ||| > 0, we have 



lim 

71— H-00 



(VMo,VtU„) 2 _ Q 

|Vuj„||2 



(2.11) 



(2.12) 



Indeed, (2.12) is true along subsequences (w nj ) such that ||Vw n .|| 2 — > +00. If (w n .) G \w n ■ 



is bounded in H^(R N ) then, necessarily, w n , — > weakly in H^(R N ) and again (2.12) 
follows. 

Secondly we note that 



lim 



p+1 

p + l + ll^n||; +1 _ 



\\Vw„ 



= 0. 



(2.13) 

|Vio„|| 2 = +00. If ||Vw n || 2 is 
bounded then (w n ) weakly converges to in H^(R N ) and so strongly in L P+1 (R N ) giving 



Indeed, we have either ||Viy n || 2 is bounded or lim sup, 
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(2.13). If ||Vw„| 



(2.81 and (2.10) 



-oo along a subsequence, then, since ||w n ||2 — > 0, (2.13) follows by 



Finally, by (2.11), we derive that for any s G [0, 1] 



v«>„ 



V(u + w n ) - V{u + sw n ) = 



> || V^ n |||(l - a){^ + (V ZZl\f ~ ° [ 



'-(1 - s 2 ) + (1 - s)(Vu ,Vw n ) 2 + (1 - a)o(l) 



F(uq + W n ) ~ F(uq + SW n ) dx 



l|v™„||| 



and the Lemma follows by (2.12) and (2.13) 



)>||V^ n ||l(l- S )(-+ (l)) 



□ 



Remark 2.7 By Lemma 2.11 we have in particular that if u„,uq G Hf( 



inoN\ 



» n e [0, 1] 

are such that u„ — > uo in asn-> +00 and V(u n ) — V(u + s„(m„ — u a )) — > as 

In particular, if V(tt„) — > V(uq) as 



n — > +00, then (1 — s n )\\u n — uq\\ 2 — > as n - 
n —> +00, then u n —> u in H l (M. N asm +00 



3 Solutions on 



)N+1 



In the sequel we denote (x,y) G ]R JV+1 where x = (xi,...,x„) G Mr and y G R, the 
gradient with respect to the x G will be denoted by V^. For (1/1,2/2) C R we set 
S(yi,y2) := x (2/1^2) and, more simply, 5l := <S[-l,l] f° r £ > 0. We denote by X the 
set of monotone decreasing radially symmetric functions in 

X = {u G Hl(R N ) \u(xi) > u{x 2 ) for any xi, x 2 G R N such that |x x | < |x 2 |}. 

Note that A" is a positive cone in H^(M. N ) (and so convex) and it is sequentially closed in 
if 1 (R iV ) with respect to the weak topology. In the following, with abuse of notation, given 
b G [0, c) we will indicate V£ = V b ± n X. 

We consider the set 

U = {v G n L >off 1 (5 , L)/w(-,y) G Af for a.e. 2/ G K}. 



Note that, by Fubini Theorem, we have that if v G H then u(x, •) G iTj oc (R) for a.e. x G 
Therefore, if (2/1,2/2) <^ R then v(x,y 2 ) — v(x,yi) = J^ 2 d y v(x,y) dy holds for a.e. x G 
and so 

Kx, y 2 )-v(x,2/i)| 2 dx 



d y u(x, y) dy \ 2 dx < \y 2 -yi 



u" \ ■< ■ .7 / " // i/'j .'/ l 1 1 dydx 



According to that, if v G H, the function y G R i-> u(-,y) G L 2 (M Ar ), defines a continuous 
trajectory verifying 

IK,2/ 2 ) - »(•, 2/i)||l < II - 2/il= V (2/1,2/2) C R. (3.1) 

In the sequel we will consider the functional V as extended on L 2 (M. N ) in the following way 



V(u) 



V(u), if u G H l {M n ), 

+00, if ue L 2 (R N )\H 1 (R n ). 



12 



Lemma 3.1 If v EH then the function j/£R-> V(v(-,y)) £ K U {+00} is lower semicon- 
tinuous. 

Proof. Let v £ H and y n — > y and let (y nj ) C (y n ) be such that liminf„^ +oc V(v(-,y n j) = 
lim^+oo V (v(-, y Uj ))- By (IO) we have v(-,y n .) ->■ v(-,y ) in L 2 (R W ) as j +00. We 



consider the two following alternative case: 

(a) sup||«(-,y n3 .)|| < +00 or (b) limsup \\v(-,y nj )\\ = +00 

j£N j->+oo 

In the case (a), since (v(-,y n .)) is bounded in X and y nj ) — > yo) in L 2 (M JV ), we deduce 



that v(-,y nj ) — > yo) weakly in X. Then by Lemma 2.4 we derive lim :) _j. +00 V r (u(-, )) > 
V(v(-,yo))- In the case (b) we have limsup J ^ +0O ||Vu[v S/n.,- )h = +°° sincc IK"> Vn^h is 



bounded. Then, by Lemma 2.8 we get lim^ +00 V(v(-,y nj )) — limsup. ) _ i . +00 V(w(-, y rlj )) 
+00, showing that also in the case (b) there results lim.,_ i . +00 V(v(-, y nj )) > V r (w(-,yo))- D 

Lemma 3.2 If v € H is a solution of (E) on S{ yXtV2 ) then the energy function E v (jj) = 
l\\d y v(-,y)\\l - V(v(-,y)) is constant on (2/1,2/2)- 

Proof. Since v £ H we have that v £ H 1 (Sl) for any L > 0. Then, since v solve on 
S (yi-V2) b y regularity we have v £ ff 2 (5'(Ci,C2)) nC ' 2 (' S '(ai,^)) for an y [Ci , C2] C (2/1,2/2)- Hence 
«(-,!/) € H 2 (l ff )nC 2 (l w ) for all ye (2/1,2/2) and so Jj x|=fl \v(x, y)\ + |V^(*, y)| da -)■ 

as i? — > +00 for all y € (2/1,2/2)- Denoting div^w = X)™=i ^c* 10 ) we derive 
/ div x [d y vW x v) dx = lim / div x [d y vV x v] dx = lim / d y vV ' x v ■ y-r da = 0. 

Therefore, multiplying (E) by d y v and integrating over with respect to x, we obtain 
0=1 —dyvd y v — A x vd y v + vdyV — f(v)d y v dx 

-\dy\0yV\ 2 ~ diV x [dyVV X V] + ±dy\X7 X V\ 2 + dy{\\v\ 2 - F (v)) dx 



j -\\d v v\ 2 + \\V x v\ 2 + \\v\ 2 -F{v)dx 
d y [-Ud y v(-,y)\\l + V(v(-,y))] = -d v E v (y) 
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and the Lemma follows. D 

3.1 The variational setting 

Fixed b £ [0, c) we consider the space 

X b = {v e H/ lim infdist («(-,?/), V±) = and inf V(v(-,y)) > b} 

y— >±oo j/Gffi 

on which we look for minima of the functional 

<p(v) = ( Md y v(;y)\\ 2 2 + (V(v(;y))-b)dy. 
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Remark 3.1 The problem of finding a minimum of ip on is well posed. In fact, if v € Xf, 
then V(v(-, y)) > b for every jel and so the functional ip is well defined and non negative 
on Xf,. Moreover Xb ^ and mj = inf^g^ p(v) < +00. Indeed, for any u £ X, recalling 
Lemma 12. 31 and considered the function 

{uj btU u(x) x e R N , y > Wb,u, 
yu(x) x € R N , a u<b < y < u b ,u, 
&u,bu(x) x e R N , y < a u . b , 

we have that v € X b and p(v) = + V(yu) -bdy < (|||u||a + V(t«u) - fe)(w U:b - 

Remark 3.2 More generally, given an interval I Clwe consider the functional 

m {v) = J\\\d y v{; y)\\l + V(v(-,y)) - bdy 

which is well defined for any v € % such that V{v{-, y)) > b for a.e. y £ I or for every v E % 
if / is bounded. 

We will make use of the following semicontinuity property 

Lemma 3.3 Let v £ H be such that V(v(-, y)) > b for a.e. y £ I C R. If (v n ) C is suc/j 
i/iai « n — > v weakly in H 1 (Sl) for any L > 0, then <pi(v) < liminf<^/(u„). 

n— >-oo 

Proof. Let Li < L 2 G R be such that (Li, L2) C I. The sequence (i>„) is weakly convergent 
to v in H 1 (S(^i J1 ^ 2 )) and constituted by radially symmetric functions in the x variable. By 
Lemma III. 2 in [19] we derive that v n — > v strongly in L p+1 (S(l 1 ^ 2 - ) ). Then, since by (1.3 1 
we have \F(v n ) - F(v)\ < e\v n - v\(\v\ + \v n - v\) + 2P~ 1 A £ \v n - v\(\v\p + \v n - v\p), we 
deduce that, asn-> +00, 

/ \F(v n ) ~ F(v)\dxdy < e\\v n - v\\L^s (Ll:L2) )(\\v\\ms iLliL2) ) + IK ~ «l|L»(S clllia) )) 

JS (L 1 ,L 2 ) 

+ 2P- 1 A e \\v n - v\\Lp+Hs iLl ^ 2) )(\M P LP+HS(Li L2)) + \K- v\\ LP+HS(Ll , L2) )) 

= e\\v n - v\\ms (Ll , L2) )(\Mms (Ll , L2) ) + IK - v\\ LH s CLuL2)) ) + o(l) 

Since e is arbitrary and (v n — v) is bounded in L 2 (S(l L \), we deduce f„ F(v n ) dxdy — > 
J s ^ ^ F(v)dxdy. Then, by the weak semicontinuity of the norm, we obtain 

liminf ip T (v n ) > liminf tp, L L 2 ){v n ) 

= liminf \ \\ v n \\ 2 m (s - / F(v n )dxdy - b(L 2 - Li) 

^ llMli*i(s (ilti2) ) - / F(v)dxdy - 6(L 2 - Li) = ^(l 1 ,l 2 )( w ) 

-> S {Ll . L2) 

and the Lemma follows by the arbitrariness of Li and L 2 . D 
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Remark 3.3 In the sequel we will study coerciveness properties of ip. One of the key tools 
is the following simple estimate. Given v G H, and (2/1,2/2) C K we have 

^(ai,a2)( u ) = \ \ \\d y v{;y)\\ldy+ / V(v(-,y)) - bdy 



> 



/ (/ \d y v(x,y)\dy) 2 dx+ V(v(-,y))-bdy 



>2(^)\H-^)~<^)\\1+ / V(v(-,y))-bdy. 

Jyi 

In particular if V(v(-, y)) > b + v for any y G (jji, y 2 ), then 

fiyim)^) ^ 2(^2-^) ^1) "~^("' ^)||2 + ^(2/2 > IK, Vi) ~ v(; y 2 )h- (3.2) 

Remark 3.4 In the sequel we will denote 

S Q = S((b + c)/2,(b + c)/2) :=dist(vi b+c)/2 ,v| b+c)/2 ) and r = ^ 

5 



By (3.2) we can plainly prove that mt, > 0. Indeed, note that if v G Xb, since by Lemma 



2.10| we have So > 0, by ( |3.1| ), there exist y\ < y 2 G K such that ||u(-,yi) — v ( • , J/2 ) | > <^o 
and F(u(-,t/)) > (6 + c)/2 for any y G (2/1,3/2)- Then, by ( [3~2| ) we obtain <P(3/i,2/ 2 )( u ) ^ 
\/c — 6 #o > 0. In particular 

m& > vc — bSo- 

One of the basic properties defining Xf, is the fact that if v G Xf, then V r (w(-,y)) > b 
for a.e. y G E. Unfortunately this condition is not necessarily preserved by the weak 
convergence. To overcome this difficulty it is important the following Lemma. 

Lemma 3.4 Let v G % and —00 < a < r < +00 be such that 
i) V(v(-, y)) > b for any y G (a, r) 

ii) either a = —00 and liminfy^-oo dist(u(-, y), V^_) = or a G K and v (•, <r) G 

ra) either r = +00 and liminfj,_>. +co dist(f(-, y). V+) = orreR and i>(-, t) G 

£/ien ip^ aT - ) (v) > m&. Moreover i/liminf !) _ )( ,+ V(v(-,y)) > b or liminfj,_j. T - V(v(-,y)) > b 
then <^( CT)T ) (v) > m;,. 

Proof. We consider the case in which ct, t G HL Similar arguments can be used to prove 
the statement in the cases er = —00 or r = +00. We fix two sequences (s„), (t n ) C (er, r) 
such that s„ -} it, („ r as n -> +00 and 

W,<»< jnf V(w(-,tf)) + iandV(«(-,t n ))< inf V(v(; y)) + ± (3.3) 



Moreover, since by (3.1),we have ||u(-,s„) — <r) || 2 — > and \\v(-,t n ) — u(-,r)||2 — > as 
n — > +00, it is not restrictive to assume that 

\\v(-,s n )-v{- 7 a)\\ 2 <r and \\v(;t n ) - v(-,t)\\ 2 < r for any n G N (3.4) 
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For any n G N, consider the paths in X defined by 

ln-{y) = v(-,a) + (v(-,s n ) - v(-,a)) , y € [<r,s n ], 

ln,+ (y) = v(;t) + (v(;t n ) - v(-,t)) , y G [t n ,T]. 

Note that, for any n G N, the paths 7™,- and "f n ,+ continuously connect in X respectively the 
points v(-,a), v(-, s n ) and v(-, r), v(-, t n ). Then, since by (ii) — (Hi), V(v(-, a)), V(v(-, r)) < b 
and V(v(-,s n )), V(v(-,t n )) > b, defining for n G N 

s„ = inf{y G [a, s n ] / V(j n -(y)) > b for any y G [y, s n ]}, 
i„ = sup{y G [t n ,r] /V(j n ,+ (y)) > b for any y G [t n ,y]}, 

by continuity, we have that V("f n (s n )) — b and V("f n +(t n )) — b. Moreover, by definition, 
V(ln,-(y)) > b for any y G [s n ,s n ] and V(j 7h+ {y)) > b for any y G [t n ,i n ]. 
Define, for n, j G N, 

7„_(s n ) ify<s„, 
7n,-(j/) if s n <y < s n , 
w n ,j(-,y) = iv(-,y) if s n <y<tj, 
lj,+ (v) if tj <J/< t,-, 
k 7j',+ (^») if*i<y ; 

and note that u>„j € and so <p(w n j) > to;, for any n, j G N. 
To prove that </3(ct,t) ( w ) > m 6j 

we estimate the difference ^^^(u) — (p(w n j). To this end, note that, since ip(w n j) — 
<P{a,T)(Wn,j) and since w n<j (-,y) = v(-,y) for any y G (s„,ij), we have 



¥V,t)(«) " p(u>n,j) = / I (HK^IIi - ||^u; n ,j(-,j/)||2) + (V(u(-,j/)) - F(w nJ (-,y))) rfy 

J cr 

+ / n\\ d v v (^y)\\i~\\ d v w nA^y)\\l) + (V(v(-,y))~V(w n A-,y)))dy. (3.5) 

Since d y w n<j (;y) = d y ~j n -(-,y) = («(•, s n ) - u(-,er)) for y G (s„, s n ) and d y w n j(-,y) = 
for y G (cr, s„), by (3.1 1 we recover that 

\\d y w nJ (-,y)\\ldy < —^\\v(-,s n )-v(- : a)\\l< / y)||§ dy. 



Analogously, we obtain also that \\d y w n j(- ,y)\\\dy < \\d y v(-,y)\\%dy and by (3.5) we 
conclude 



^( ct ,t)0) - f(w n ,j) > / V(v(-,y))-V(w n>j (-,y))dy+ V(v(-,y)) -V(w n j(-,y))dy. 

Jo Jtj 

(3.6) 

Let us prove that liminf„^ +00 f* n V(v(-,y)) — V(w n j(-,y)) dy > for any j G N. Since 
V(tu n> j(-,y)) = V r (7„,_(y)) for any y G (s„,s„) and V(w nj -(-, y)) = 6 for any y G (cr, s n ), we 
have 



W,»))-VK J -(-,y))di/= / V(v(;y))-V(v(;s n ))dy 
+ f " V(v(-,s n ))-bdy+ rV(v(;S n ))-V(-f n> -(y))dy. 
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We separately estimate the three addenda at the right hand side of the above equality. 
For the first one that by (3.3) 



V(v(-,y)) - V(v(-,s n )) dy > -i(a„ - a). 



(3.7) 



For the second one, we set 



I := min{hminf V(v(-,y)), 6 + 1} 



and note that I £ [6,6+1] and by (3.3) we have in particular t < liminf 1) _ i . .+ V(v(-,y)) = 
lim n _j. +00 V(v(-, s n )) and hence thatV(u(-, s n )) — b > i — 6 + o(l) with o(l) ^Oasji^ +oo. 
Then 



V(v(-,y)) -bdy>(£-b + o(l)) (s n - a). 



(3.8) 



Finally, for the third addendum, setting 4/i = I — V(v(-, a)), we consider the two alternative 
cases: \i = or \i > 0. 

If [i = 0, since by (ii), V(v(-,<r)) < b and I > 6, we derive that 6 = i = V(v(-,cr)) 
and so, by (3.3), that \im n ^ +oc V(v(-, s n )) = V{v{-,a)) = 6. Then by Lemma 2.11 and 
Remark 2.7 we derive s n — a and v(-,s n ) — > v(-,a) strongly in X. Then, for any y 6 
[s n , s n ] we have ||7 n ._(j/) — u(-,<t)| < ||u(-,s„) — w(-,fj)|| and by continuity of V we obtain 
sup y6 ( g?iiS?i ) V(v(-,s n )) — V{"f n -{y)) ->0asn4 +oo. This allows us to conclude that if 
I = V(v(-, a)) we have 



V(v(-,s n )) - V{~i n -{y))dy > o(l)(s„ - s n ) as n -> +oo. 



(3.9) 



In the second case, i.e. /i > 0, we have that necessarily lim inf „_>. +00 || V(f (•, s n ) — w(-, s))|| > 
8/io for a certain (Iq > 0. Then setting cr n (y) = ]!~° a and v n — v(-,s n ) — v(-,a), by Lemma 



2.11 we obtain that for n sufficiently large and y £ (s„, s n ) we have 



V(v(; s n )) - V(j n ,-(y)) = V(v(-,a) + v n ) - V(v(-,a) + <r n (y)v n ) > M o(l - <r n (v)) = Hof^- 
Then 



V{v(-,s n ))-V{ ln ,-{y))dy>LLo 



S t^dy=tf^{ Sn -s n ). 



By (3.9) and (3.10) we obtain 



V(v(;s n ))-V( ln< -(y))dy>(tf ^ 



o(l))( S 



n J n I 



(3.10) 



(3.11) 



Gathering (|3.7 1, (3.8), (3.11), we conclude that if n is sufficiently large then, for any j G N, 
V(v(-,y)) - V(w n j(-,y)) dy > -i(« B - a) + - c+ o(l))(S„ - 0-) + 

+ (ft+t+°( 1 ))( s »- s "«)- ( 3 - 12 ) 

and then, liminf n _i. +00 J* Sn l/(w(-,y)) — V(w n ,j(-,y)) dy > 0. In a symmetric way, we can 
prove that liminfj_ ) . +00 V(w(-,y)) — V(w n .j(-,y)) dy > for every n e N. Then, since 
ip(w n j) > mb, by (3.6) we conclude ¥?( ct ,t) ( u ) > TO f>- 



17 



Let us finally prove that if lim inf a + V(v(-, y)) > b then ip/g. T \(v) > m^. 
Considering i and /io denned as above we have I > b and / ip > and hence 2/i := min{£ — 
b, ! y} > 0. Since (s n — a) 2 + (s n — s n ) 2 > \{s n — s) 2 , by (3.12| we obtain that for n large 
and j € N 



V(v(-,y)) ~ V(w n< j(',y)) dy > o(l)(s„ - a) + fx (s„ - u) + 



(3n-5n) 3 



> o(l)(s„ - cr) + /i 



(s„ - cr) 



Then, by (3.6 1, since liminfj^ +00 J r y)) — V(w n j(-,y)) dy > for every n £ N, we 

recover that tor n sufficiently large 

¥W)(«) ~ m b> lim inf [VW) (v) - vC^nj)] > 4( s « - s) > 0. 



Simmetricaly we can prove that if liminfy^,.- V(v(-, y)) > & then (p( aT )(v) > mj. 



□ 



3.2 Estimates near the boundary of V b _ and V\ 

To study coercivity property of ip we first establish some technical local results. We define 
the constants (depending on b) 



/3 = b+^, and A 



c—b ra_ 
2 4 



where Sq and ro are definined in Remark |3.4| noting that 



dist(V* , V+) > dist(V^,V?) > 5r 



(3.13) 
(3.14) 



Given u e X we denote 



X bu ={veH/v(;0) = u o , inf F(«(-,2/))>&, liminfdist( W (-,y),V^)=0}, 

' (-oo,0) »->-oo 

Af+ ={«€ 0)=«o, , inf V«,y))>6, lim inf dist(«(-, y), V*) = 0}. 



(0,+oo) 



y—>-\-oo 



Next Lemma establishes that if v € ^ (resp. ^« ) ^ s such that V?(o,+oo)(' 1 ') (resp. 
V(— oo,o) ( v )) is sufficiently small, then the trajectory y — > v(-,y) remains close to the set 
(resp. ) with respect to the L 2 (WL N ) metric. 

Lemma 3.5 If u Q € X, V(u ) >b,ve X+ ua {resp. v £ X^ Uq ) and ¥(q, +00 ){v) < A (resp. 

f(-oo,o)(v) < A ) then dist(u(-, y), V+) < r /or ei;ery y e [0, +oo) (resp. dist(v(-,y), V^) < 
ro for every y G (— oo,0]). 

Proof. By (3.1 1 the function y G [0, +oo) H> v(-,y) € L 2 (]R") is continuous. Hence, using 
Remark 2.6 the map y € [0, +oo) H> dist(u(-, y), Vf) is continuous too. If, by contradic- 
tion, y > is such that dist(u(-, yo)j Vf) > r , since liminfj^+oo dist(w(-, y), V+) = 0, by 
continuity there exists an interval (3/1,2/2) C K such that < dist(w(-, y), V+) < r for any 
2/ G (2/1,2/2) and ||w(-,yi) - v(-,y 2 )\\ 2 > r /2. By (3.14) we derive v(-,y) ^ U and so 
V(t>(-, y)) -b>fi -b= (c - b)/4 for all y € (yi, yTTBy ( [3T2] ) we conclude 

A > V(0,+oo)(«) > <^W 2 )(«) > V^IK.I/l) - v(-,lte)l|2 > = 2A 0- 



a contradiction which proves the Lemma. Analogous is the proof in the case v € X t 



b,u ■ 



□ 
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Clearly the infimum value of <P(o,+oo) on ^bu 1S c l° se to as dist(uo, V b ) is small. Next 
result displays a test function w^ G ^bu wn i cn gives us more precise information. 

Lemma 3.6 Let b € [0, c), then there exists C+(6) > such that for every uq G \ 
there exists 10+ € X b + UQ such that 

Bup||io+ (-,!/) -Uo|| 2 < jAm(V(u )-b) and nQi+oo) (w+ ) < C + (b)(V(u ) - bf' 2 . 

y>0 Kr > 



Proof. Note that, since uq € , by Lemma 2.3 we have V'{uq)uq < and there exists a 
unique s Q G (l,+oo) such that V(su Q ) > b for any s G [1, Sq) and V( spu ) = b. Moreover 
-£V(su ) = s(V'(u )u + J RN f(u )u - ~f(su )u dx) and since, by (L6), J RN f(u )u Q - 
^f(suo)uodx < for any s > 1, we deduce that ^^(swo) < sV'(uo)uo for any s > 1. 
Integrating this last inequality on the interval [l,s ], we obtain V(soUq) < V{u$) 



1)V'{uq)uq an d so the estimate so — 1 < \y^o)u \ ■ 



lf s 2 
2 ^0 



We define 



Uo{x) y < 

^(^y) = ^ (! + 4)"o 2/6 (0,^/2(^0-1)) 



notiing that «;+ e A"^ and sup y > (-,y) - u || 2 = (so - l)IKI|a < |v> } ) M o| ll"o|| 

-v/ 2 ( s o-i) 



Moreover, since sn — 1 < rwr^A "i i we get 

— l"(«o)«o|' to 



V(-oo,0)(^ ) 



V(«o)-b 
V"(t 



|R(l + V)«0(-)ll2^ + 



< 



52/ 2 IK|||dy- 



-y/2(so-l) 



V(uo) - bdy 



= ^il^r)(^\\u f 2 + (V(u ) - b)) 



< 



By Lemma 2.6 we know that |y(uo)uo| > v + (j3) max{l, HuolU} an d the Lemma follows 
considering C+(b) = ^ 17+^3) ( sI^W + X )- D 
For any b G [0, c) we fix /3 + G (b, f3) such that the following inequalities hold true: 

C+(6)}(/3+ - b) 1 / 4 < i C + (6)03+ - &) 3 / 2 < A«. 



(3.15) 



Next Gronwall type result will play an important role together with Lemma 3.6 



Lemma 3.7 Assume that uq G V + + \ and v G are suc/i i/iai 

if U £ [0,1) is suc/i i/iai V(w(-,y)) < /?+ then V{y>+oo) {v) < C+(b)(V(v(;y)) - bf' 2 . 

(3.16) 

Then there exists y G (0,1) such that V(v(-,y)) = b, v(-,y) G V\_ and v(-,y) — v(-,y) for 
every y G [y, +oo). 

Proof. We first note that, since u G \ V| and v G X b + Ug we have V(v(-, 0)) = V(u ) < 
(3+ and hence, by (|3.16[) and (|3.15|, we have ^( ,+oo)(«) < C+(&)(F(u ) - 6) 3 / 2 < A . By 
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Lemma 3.5 we then deduce that dist(i>(-, y), V?) < ^o for any y > and, by the definition 
of ro, we obtain that v(-, y) ^ vf + for any y > 0. In particular, if y > and V r (u(-, y)) < /3+ 
then v(-,y) € V P + + . 

We claim that there exists a sequence (£„) C [0, |) such that 

Cn-i <Cn < C»-i + (Jc^y ) 1/4 < | and I/«, C„)) -&< VneN. (3.17) 



Indeed, defining ( = by (3.15) and (3.16) we have that for any C > Co 
t V(v(; a)) -bds< <p iCo , +oo) (v) < C+(b)(V(v(; Co)) - b f 2 

J Co 

< C + (b)((3 + - bf/\p + - b)((3 + - bf'^ <\{fi+- &)(/?+ bf'\ 

and so 



3 Ci G (Co, Co + G8+ - &) 1/4 ) such that V(v(; Ci)) - 6 < 



(3.18) 



Note that, by (3.15), Co + (/?+ - &) 1/4 < Co + \ < \ and so Ci € (0, §; 
Now, if £„ verifies ( [3.17 1 by (3.16) we obtain that for any C > Cn 



V(v(; S)) - bds < V iCn ,+oo)(v) < C + (b)(V(v(;( n )) - bf/ 2 

< C + {b){P + - 6) 1/4 (^)(%^) 1/4 < §^(%^) 1/4 , 

implying that 

3C„+1 G (C„,Cn + (^) V4 ) SUCh that V(v(;Cn+l)) ~ b < 



with, by (3.15), 



c„ + i< E(%^) 1/4 = v>+ b ) 1/4 E h < I 

j=0 ]=0 



Then, by induction, (|3.17[ ) holds true for any n G N. 

Now, note that by (3.17) we have Cn — > y G (0, 5] as n —> +00. Moreover, since v G 
X blUo there result V^TCn)) > b fOT all n G N and hence, by (|3 17[ ), V(v(-, £„)) 6. 
Then, by Lemma 3.1 we deduce V (?;(■, y)) = 6. Moreover, by ( 3.1D, v(-,Cn) —> v(-,y) in 
L 2 (R N ). Then we can conclude that v(-, y) G V+ and hence, using (3.16), that </9(y !+00 ) (u) < 
C + (6)(F(u(-, y)) — 6) 3 / 2 = 0, which implies v(-,y) = v(-,y) for every y > y. □ 



Lemma |3.7| and Lemma 3.6 have in particular the following consequence which will be a 
key tool in constructing minimizing sequences for ip with suitable compactness properties. 

Lemma 3.8 Let b G [0, c) then, for every uq G V+ + \V+ and v G ^bu there exists v G X^~ Ug 
such that 

sup \\v(-,y) - u \\ 2 < 1 and (p(p, +ao )(v) < min{A , <^(o,+oo) («)}■ 

j/£(0,+oo) 



Proof. Note that, by Lemma 3.6 and (3.15), we have in that if uq G V+ + \ then 
< /?(o.+oo)(w+ ) < A and ||u;+ - u || < § for any y > 0. In particular if u Q G V++ \ V| 
and w G "^uo are such that <^(o,+oo) i v ) > A-o then the statement of the Lemma holds true 
with v = w+ . 
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To prove the Lemma we argue by contradiction assuming that there exist «o € V+ \ Vi 
and w € ^bu w hh </?(o,+oo) ( w ) < Ao such that 

^(o,+oo)(«) > y(o,+oo)(f) for ever y « S such that sup H 5 (''f) _ W °H 2 - L ( 3 - 19 ) 

yG(0,+oo) 



By (3.19 ) we have sup^gm+oo) \\ v ('i V) ~ U0W2 > 1 and since 0) = uq, by (3.1 ) we recover 
that 

3 2/0 > such that \\v(-,y ) - u \\ 2 = § and ||w(-,y) - u || 2 < \ for any y £ [0,y a ). (3.20) 



As already noted in the proof of the previous Lemma, by Lemma 3.5 since <fi(o,+oo)( v ) < Ao, 



we have that if y > and V(v(-,y)) < /3 + then v(-,y) £ V + + . We deduce that 

if ye [0,yo) and y)) < /3+ then m+oo) («) < C+(b)(V(v(; y)) - fe) 3 / 2 . (3.21) 

Indeed, considering the function 



0<y<y 



we have v £ Af^ u ■ Now note that for every y £ [0, y) C [0, yo), by definition of yo we have 
||{>(-,y) — tto || 2 = \\v (-,y) — u 1| 2 < I while if y > y, then by Lemma 3.6 and (3.15) 

\\v(-,y) - Uoh = \\wt(;y)(->y-y) ~ U oh < f+^j) < 

Hence we recover that sup J)>0 ||«(-,y) — U0II2 < 1- Then, by (3.19) we obtain <P(o,+oo) (w) < 
P(o,+«>)(«) < <^(y,+oo)(w) = ¥ 3 (o,+oo)(w^ ( . iS) ) and (3.21) follows by Lemma 



3.6 



We now note that, by Remark 3.3 we have tp(p,y ) ( v ) > 2^0 ll u ('' 2/o) — '"o 1 1 i = and so ' by 
(3.15) and (3.21), we deduce y > 



> 1. Then, by (3.21) and Lemma 



3.7 



derive that there exists y £ (0, 1) such that v(-,y) £ V\. and v(-,y) = v(-,y) for any y > y. 
Hence, using ( 3.20[ ), we obtain 1 < sup y6(0i+oo) y) - Uo||a = su P a e(o,s] II v (-,y)~ u oh < 
sup yg ( 0!/0 ] ||z;(-,y) — U0II2 = \i a contradiction which proves the Lemma. D 

when 6 > 0. We omit the 



3.6 



for X, 



b,u 



The following Lemma is an analogous of Lemma 
proof since it is bases on an argument symmetric to the one used proving Lemma |3.6| using 
Lemma 12.71 instead of Lemma 12.61 



Lemma 3.9 Let b £ (0,c), then there exists C_(6) > such that for any uq eV^V^ there 
exists w~ £ Xbu suc h that 

^ ( -oo,o)K7 )<c-w(n«o)-&) 3/2 . 

For any b £ (0, c) we fix /3_ £ (b, f3] such that the following inequalities hold true: 

max{l,C-(b)}(P- - 6) 1/4 < \ and C-(b){fi- - 6) 3/2 < A . (3.22) 
Analogously to Lemma [3. 7| we can prove 



21 



Lemma 3.10 Let 6 G (0, c) and assume that uq G V_ \ and v G X b are such that 



ify G (-1,0] is such that V(v(-,y)) < /3_ then (p^^^v) < C-(b)(V(v(-, yj) - b) 3/2 . 

(3.23) 

Then, there exists y G (—1,0) such that V(v(-,y)) = b, v(-,y) G V_ and v(-,y) = v(-,y) for 
any y G (-oo,y]. 

The situation is slightly different when 6 = 0. 

Lemma 3.11 7/6 = there exists fio G (0, |) suc/i i/iai for any uo G V_° \ {0} there exists 
w u G suc6 t6a£ ¥ j ( _ OOi0) (u;-) < 3V(w )- 



y >o 



Proof. If uq G V_ for some /3o G (0, |) we set 

it (a;) 

^(^y) = { {l + y)u {x) ye (-1,0) 

2/ < -i 

noting that uj~ G X ~ Uq and </? ( _oc : o)K; q ) < f\ |||«o||| + V(uo) dy < §||uo||§ + V(u ). By 
Remark 2.5 and Lemma 2.2 if (3 is sufficiently small, we obtain D^olli — 4V(u ) an d so 
¥>(-oo,0)0%) ^ 3V(u ). □ 

Remark 3.5 Eventually taking /3q smaller, we can assume that ^(-oo.coC^un) — ^ or 



mo G V 



3.3 Minimizing sequences and their limit points 

The local results that we have described in the previous section, allow us to produce a 
minimizing sequence of tp on Xb with suitable compactness properties. 

Lemma 3.12 For every 6 G [0, c) there exists Lq > 0, C > and (u n ) G Ab suc/i £/iai 

i) dist(v n (-, y), ) < ro /or any y < and n G N, 
n) dist(u„(-, y), V+) < ro for any y > Lq and n G N, 
Hi) \\v n (-, 2/) 1 1 2 < C for any y G K and n G N 

w) /or every bounded interval (2/1,2/2) C K £/iere exists C > 0, depending only on 2/2 — Vi> 
such that ||u n || ff i( S(vliV2) ) < C*. 

Proof. Let 6 G [0, c) and (u>„) C A;, be such that ip(w n ) < nib + 1 for any n G N and 
ip{w n ) — ¥ rrib- We denote f3* — min{/3_, /?+}. Let s n = sup{y G K | (p(-oo,y) (%) < Ao} and 
note that by Remark 3.4 since Ao < mf, < tp(w n ), we have s„ G K and y?(-oo. s„) ( ic n ) = ^o- 
Since w„(-, • + s n ) G , , an< ^ < P(-oofi){w n (', ■ + s„)) = A , by Lemma 3.5 we derive 

that dist(w n (-,2/ + s n ), V_) < r for any y < and so, by (3.14), dist(i0„(-, 2/), V+) > 4r 
for any y < s n . We conclude that if y < s n and V(w n (-,y)) < b* then w n (-,y) G V_ . A 
symmetric argument shows that there exists t n > s n such that if y > t n and V(w n (-, y)) < 6* 
then w n (-,y) G V+ . Define now 

2/n = SU P{?/ ^ f « I w n(-,y) fV 6 } and y+ = inf{y > y~ \ w n (; y) G V+ }. 
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Since lim inf y -y ^^ V (w n (-,y )) = b > (3* we deduce that y n , y+ G 
Using Remarks 



2.5 



and 



2.6 



we also recognize that w n (-,y n ) G V* and w„ (•,?/+) € . 
Since the function y H> w n (-,y) is continuous with respect to the L 2 (R N ) metric and 
dist(vf , ) > 5r we deduce j/ n < y + M oreover V(w n (-,y)) > (3* for any ye {y n ,Vn) 
and ||io n (-,y+) - iu n (-, y~)||a > 5r . By p^j) we derive 



y„ 



/3*-b — /3*-b 



L and sup \\w n (-,y) - w n (-,y n )\\ 2 < ;§== • 



(3.24) 

We now claim that, eventually modifying the function w„ on the set M. x [(— oo,y~) U 
(y+,+oo)], u>„ satisfies 

CO ^(-oo,y-)( W ™) < A 0, 

(II) ¥>(„+,+<„) («>n) - A o and Ikn^,^) ~ w„(a;,y+)||2 < 1 for any y > y+. 
Indeed, if (I) is not satisfied, since w n (-,y~) G V_ , we can consider the new function 

<(->y) 



«>„(•, y) 



if V > Vn 



nothing that w* G X^, <y2(u>*) < <p(w n ) and u>* satisfies (I) by Lemma 3.9 Lemma 3.11 



(3.22) and Remark 3.5 



Now, assuming that (I) is verified, if ( II) is not satisfied, since io„(-,y+) G and 



wn(;- + y+)ex+ 



, + , , by Lemma 

t('.»n) 



3.8 



there exists a function u)„ G X + , +. such that 

o,w„(-,yA) 

P (#+,+«>) --2/n)) ^ min { A 0^( a +, +O o)Ki)} and ll*„(-,z/-t/+) - w„(x,y+)||2 < 1 for 

any y>Vn- Then considering 



w n {-,y-yi 



if y > y« 
if y < y,t- 



we recognize that u>** G A";,, ip(w**) < ip(w n ) and u>** satisfies (I) and (II). Hence, eventually 
modifying w n as indicated above our claim follows. 

We finally set v n — w n (-, ' ) °btaing that u„ G A), and ip(v n ) = ip(w n ) — > m&. Moreover, 
by (I) we have ^(_oo,o)( w n) = V(_oo,y-)( u; n) - A o and (i) follows by Lemma 3.5 
Since by (3.24) we have y+ - y~ < L , by (II) we have <P(L ,+oo)(v n ) = <P( Lo+y - t+oo) (w n ) ^ 
<Pi y + +oc ) (i» n ) < Ao and (n) follows by Lemma 3.5 

To prove (Hi) we first note that by Remark 2.5 we have IMI 2 < -^/3 for any u € Vf. Then, 
by ( ?) we recover that ||u n (-, y)||| < ^/? + r for any y < 0. Since u n (-,0) = w n (-, y~) € Vf, 
by ( |3.24| we obtain moreover |K(-,y)||§ < ||« n (-,0)|| a + |K(-,y) - W„(-,0)|| 2 < + 

^2(1^-6) fOT ^ ^ G <y0,y ^ 1 ~ Filiall y' ^ P 1 )' We haV<5 IK('>f) ~ V n(-,yi ~ Vn)h < 1 

for any y > y+ - y~ and (m) follows with C = -^f3 + r a + b) + 1- 



To prove (iv) we use (Hi) and (2.9). By (2.9) we know that there exists C > such that 

+ 2lK(-,y)ll 



V(v n (;y))>i\\Vv n (;y)\ 
We set 

An = {ye M||| 



l-C, 



\M,y)\\ { r i)e 



||2-(p+l)(l-8) 



\\Vv n {; V )\\ 

V, n (-,y)|ir (p+1)(1 - e) >2C||,„(,y)||m 



VyG 
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By (EiL V(v n (-,y)) > \ \\v n (; y)\\ 2 for every y G A n while ||Vv„(-, y)|| 2 (p+1)(1 ~ 



< 



2C*|jt;„(-,y)|| 2 p+1)£ ' for any y G R \ • By (m) we know that ||v„(-, y)\\ 2 < C for all 
y G R and so ||Vw„( 
have 



1 < C := 2C&P+ 1 ') for any y G R \ -4„. Given (yi,y 2 ) Clwc 



1/2 
J/1 



< 2p(«„) + 

< 2p(« n ) + 

< 2<p(u„) + 4 



IVnO.I/)lla + HV«n(-,y)||l + \\v n {-,y)\\ldy 



\Vv n (;y)\\ldy + C(y 2 - yi) 

\\Vv n (;y)\\ldy + (C + C)(y 2 - yi ) 



/ V(v„(-> y)) - 6dy + (C + (7 + 46)(y 2 - w ) 

•'(»i,V3)n^ n 

<Qy{v n ) + {C + C + 4b){y 2 - yi ) 

< C 2 = 6(m + 1) + (C + C + 4c)(y 2 - yi ) 



and (iv) follows. 



□ 



By (iv) of Lemma 3.12 we have that the minimizing sequence (v n ) weakly converges 
in for any L > to a function v G Even if we do not know a priori that 

v G thanks to Lemma 3.3 Lemma 2.5 and the semicontinuity of the distance function, 
the function v enjoyes the following properties 

Corollary 3.1 For any b G [0,c) there exists v G H such that 

i) given any interval I C R such that V(v(-, y)) > 6 /or a.e. y *E I we have fi(v) < rnf,, 

ii) dist(u(-,y), V_) < ro for any y < 0, 
Hi) dist(u(-,y), V^) < r for any y > L 0) 

iv ) \\v(->v)h ^ c f° r an v y e R > 

v) for every (yx,y 2 ) C R, \\v\\ H i (S(yi , y2) ) < C, 
where L , C and C are given by Lemma 



3.12 



We define a and r as follows: 

a = sup{y GM/dist(u(-,y),Vl) < r and V(v(-,y)) < 6}, 
f = inf{y > o-/V(«(-,i/)) < 6}, 

with the agreement that a = — oo whenever V(v(-,y)) > b for every y G R such that 
dist(u(-, y), V 6 .) < ro and that f = +oo whenever V(v(-,y)) > b for every y > a. 

Remark 3.6 Properties of a, f: 
i) a G [— oo, Lq] and f G [0, +oo]. 
By Corollary 



3.1 



(Hi), if y > L then dist(t;(-, y), V+) < r . Hence dist(v(-, y), V_) > 
4ro for y > Lq and a < L$ follows. Moreover, by Corollary 3.1 (ii), there results 
dist(v(-,y), Vf) < ro if y < 0. Then, by the definition of a, we have that if a < then 
V(w(-, y)) > b for any y G (a, 0] and so f > follows. 
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ii) If a el then v(-,a) G V*. 

Indeed, by definition, there exists a sequence y„ G (—00, ct] such that y n — > a as 
n -> +00, V(u(-,j/ n )) < b and dist(u(-, y„), V* ) < r for any n G N. Then «(•, y„) G V* 
for any n € N and since, «(•, y n ) — > v(-, a) in L 2 (M. N ), by Remark ! 
v(-,a) G V b _. 



2.5 



we conclude that 



Hi) a < t. 

It is sufficient to prove that if a € R then, there exists (5 > such that V(v(-,y)) > b 
for any y G (p,& + 5). Assume by contradiction that there exists a sequence (y n ) C 
(<7, +00) such that V(v(-,y n )) < b for any n € N and j/ n — > cr. Then, by definition 
of a we have dist(w(-, y n ), V*) > r for any n£N and so v(-,y„) € V+. Hence, since 
(t) in L 2 , by Remark 



w(-,y«) 

that g V*. 



2.6 



we obtain i>(-,er) G while, by (m) we know 



iv) If r GR then v(-,f) G V|. 

Indeed, by definition, there exists a sequence y n G [r, +00) such that y„ — >• f as n — > 
+00, V(v(-,y n )) < b. By definition of a, since y„ > a, we have dist(i;(-, y n ), V_) > ?'o 
for any n G N. Then v(-. y n ) G V\ for any n € N and since, «(•, y„) — > «(•, r) in L 2tKi ' ' 

that u(-,f) G V] 



we conclude by Remark 



2.6 



u) If [j/i, y 2 ] C (ct, t) then m{ y ^ yij y 2 ] V(v(-,y)) > b. Moreover tp^^v) < m b . 
It follows by the definition of a and f that V(v(-,y)) > b for any y G (<x,f 



by Lemma 3.1 



we have inf 



ye 



[2/1,2/2] C (oyr). By Corollary 



3.1 



Then, 

min ye [ ai!y2 ] V(u(-,y)) > b whenever 



(i) we furthermore derive that tp^^(v) < mb- 



vi) If a — —00 then liminf !/ _>._ 00 V(v(-, y)) — b = lira inf _ oo dist (v(-, y), V_) = 0. 



By Corollary 



3.1 



-(ii) we have dist(u(-, y), V^) < ro for every y < 0. Since a = —00 
and <£(-oo,f)(v) < w& we derive that there exists a sequence y n —> —00 such that 
V(v(-,y n )) -> 6, v(-,y„) G V* and dist(«(-, V|) > 4r . 



If 6 = 0, by Remark 2.5 we obtain «(•, — >• and (vi) follows. If b > 0, arguing as in 
the proof of Lemma 3.6 for any n G N, since V(u(-, y n )) > b, there exists of a unique 
s n G (0, 1] such that V(s n v(-, y n )\^_b, s n v(-,y n )) G with 1 - s n < (V(v(-,y n )) - 

2 is bounded, dist(u(-, y n ), V*L) < (1 — 



b)/iv (b) — > 0. Since by Remark 
Sn)\\v(-,y n )h -> and (in) follows 



2.5 



K-,2/« 



i>ii) If r = +00 then liminfj, 



V(v(-,y)) 



lim inf. 



J/-S.+00 



dist(«(-,i/),V|) = 0. 



The proof is analogous of the one of (vi). 



Thank to properties (ii)— (iv), (vi)—(vii) we recognize that the function v satisfies the assump- 
tion of Lemma |3.4| on the interval (a, f) which allows us to derive the following properties 
of v. 

Lemma 3.13 There result 

i) V(oyf)(*) = m b an d liminfj,^- V(v(-,y)) = ]imw£ y _> 9 + V(v(-,y)) = b, 

ii) f G R for any b G [0, c) and a G R for any b G (0, c), 

Hi) for every h G (^(R^ x (a, f)), with supp h C R w x [2/1,1/2] C R w x (<r, f), there exists 
i > smc/i i/iat 

V(ff,T)(« + «i)>V(a,f)(w), Vte(0,t). (3.25) 
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Then v G C 2 (K x (<t,t)) verifies —Au + u— f(u) = on Mr x (cr,r) and for any 
[1/1,1/2] C (ct,t) tftere resu/fc v G H 2 (M N x (2/1,2/2)), 

iwj E y (v(-,y)) = \\\d y v(-,y)\\l - V(v(-,y)) = -b for every y G (a,?), 

v) 1am.'va£y-+ f - \\dyv{-,y)\\ 2 = \imxai y ^ s + \\d y v(-,y)\\ 2 = 0. 



Proof, (i) By Lemma 3.4 we already know that (pta,f)( v ) ^ m f> an d by (u) of Remark 



3.6 we conclude that <pr&f)(v) = m b- Hence, using Lemma 3.4 again, we conclude that 
Irminf y ^- V(v(-,y)) = liminf y ^ 5 + V(v(-,y)) = b. 

(ii) Assume by contradiction that f 
such that \ 
show that 



-00. By (vii) of Remark 3.6 there exists 2/0 > L 

b.u Q ' 



such that u := v(-,y ) G V+ + \ V\ and v(-, ■ + yo) G X^._. To obtain a contradiction we 



Vy > y such that V(v(-,y)) < (3+ we have <p (yi+oo) (v) < C+(b)(V(v(-,y)) - bf' 2 . (3.26) 



By (3.26 ), using Lemma |3/7j we derive that there exists y G (2/0, 2/0 + 1) such that V(v(-,y)) = 
b which contradicts that f = +0 0. 

If (3.26) does not hold, by Lemma 3.6, there exists y > yo with v(-, y) G and V?(y,+oo)(^) > 
<P(y,+oo)(wt(-,y))- Then > defining 



v{-,y) y<y 
w t(.,y)(-i--y) y>y 



we obtain <^(er,+oo) (^) < f(s,+oo) (v) = Wf,. On the other hand, defining f = supjj/ > 
ct I V"(i)(-, 2/)) > we recognize that f satisfies the assumption of Lemma 3.4 on the interval 
(<t, f) and we get the contradiction < f(a-,f)(^) < Vfo-.+oo) (^) < m b- 
To prove that er G M when 6 > we can argue analogously using Lemmas |3.9| and |3.10[ 

(in) Let us consider h G Cq°(M n x (ct,t)) with supp/i C 1^ x [2/1,2/2] C l w x (ct,t). 
By (v) of Remark 3.6 we know that there exists /1 > such that V(v(-,y)) > b + // for 
any y G [2/1,2/2]- Let us consider (v + th)* the symmetric decreasing rearrangement of the 
function v + th with respect to the variable x, i.e. the unique function with radial symmetry 
with respect to the variable x G such that 

I {a: G I (v+th)*(-,y) > r}\ = \{x G M N \ \(v+th)(-,y)\ > r}\ for every r > and a.e. y G I 

and (v + th)*(xi, y) > (v + th)*(x2,y) whenever \xi\ < \x 2 \, for a.e. y G K. One recognizes 
(use e.g. [ig|, (12)-(14), and g2], (3) pg. 73 ) that ||V(« + th)*\\ L 2 {RNx(yuy2)) < ||V(C + 
*ft)ll£»(a»fx(itt,»)) and / R «x( ai , y2 ) 5l(v + t/i)*| 2 + J F 1 ((v + ^)*)da;d2/ = J R « xfel!!y2) 1 1^ H- 2 + 
+ t/i|) dxdy = Jj W)< , , ||« + i/i| 2 + F(« + t/i) deed?/- Therefore we have 



/ 

Jk 



»"x [3/1,2/2] 



i|V(« + ifr)T + + tft)T - + t/i)*) dxd?/ 



< 



\\V(v + th)\ 2 + \\v + th\ 2 - F{v + th)dxdy 



(3.27) 



/R^X [2/1,2/2] 

We now claim that 

3t > such that F((w + t/i)*(-,2/)) > 6 + /i/2 for any t G [0, t] and 2/ G [2/1,2/2]- (3.28) 
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Arguing by contradiction, if (3.28) does not hold, there exists a sequence t n £ (0, 1) and a 
sequence y„ £ [2/1,2/2] such that i„ -> 0, y„ -> y € [2/1,2/2] and F((u+t„ft,)*(-, j/ n )) < fe+^/2. 
By Corollary 3.1 (w), since ft. has compact support, We have that there exists C > such 

that ||(u + t„/i)*0,t/ n )|| 2 = ||(« + *r.ft)(-,yn)||a < ||w(-,tfn)||2 + ||/»(-,»n)||a < Cfor any n £ N. 
Since V((u + t n h)* (■ , y n )) < b + n/2, by Lemma 2.8 there exists a constant i? > such that 
\\V (v + t n h)* (■ , y n )\\2 < i? for any nePj. Then the sequence {(v + t n h)*(-, y n )} is bounded 
in i? 1 (]R JV ). Since the rearrangement is contractive in L 2 (M. N ) we have \\(v + t n h)*(-,y n ) — 
v{-,yo)h < + t n h)(;y n ) ~ v(;yo)h -> and so (u + t n h)*(-,y n ) -> v(-,y ) weakly in 
H 1 {R N ). By Lemma 



2.4 



we then obtain the contradiction b + /i/2 > liminf 



n— >-+oo 



t n h)*(-,yn)) > V(v{-,y Q )) >b + f i which proves p^8| ). 

Since v(-,y) £ A" for a.e. y £ K we have w = v* and (w + th)* = v for x £ R w and 
2/ € R \ [2/1,2/2]- By (3.28) we then recognize that (v + th)* satisfies the assumptions of 
Lemma 3.4 on the interval (cr,f) for any t £ [0,t\. Then i p( S f ) ((v + th)*) > = <p 
for any t £ [0,t\ and ( |3.25[ ) follows by ( |3.27| ). Finally, by ( |3.25| we have 



«x(ct,t) 



i|V(u + ^)| 2 + i|w + tft| 2 -^(w + tft)-i|Vw| 2 -i|i;| 2 + F(5)dxd2/ > Vt € (0,i) 



Since ft is arbitrary we derive that / RNx ( ff f ) VuVft + d • ft — f(v)hdxdy — for every 
ft € ^(R" x (o-,f)), and so that S is a weak solution of (E) on x (a,?). Then (m) 
follows by (v) of Corollary 3.1 and standard regularity arguments. 

(iv) Fixed £ £ (a, f) and s > we define 



«0,f + O 0<2/. 



and we note that v s verifies the assumption of Lemma 3.4 on the interval (p — £, s(t — £)). 
Then 

P(fr-£, a (r-£))(««) >m p = tpp_£ t f-t)(V{; ■ + 0) 
and so we have that for any s > there results 

< P( ff _£,a(r-£))(« a ) - i/3(ff-g,T-5)(u(-, ' + 0) 

4 i||a^ s (-,2/)|| 2 + (^ s (-,2/))~6)rf2/- 







i||a^(-,2/)|| 2 + (^(-,2/))-&)d2/ 



s(f-S) 



5?ll»v«('> I + Oil 2 + f + 0) " b) dy - m , f) (u) 



h\\9 y v(-,y)\\ 2 dy + s / V(v(-, y)) - b dy - <P((,f)(v) 



(l-l)/ i||^(-,2/)|| 2 d2/ + (s-l) / n«0.V))-6dy 



This means that, setting A = \ \\d y v(- } y)\\ 2 dy and B = V(v(-,y)) — bdy, the real 
function s H> f/K 5 ) = A{- — 1) + B(s — 1) is non negative on (0, +00) and then that 



< min^(s) = V>(v4) = ~(S/A- v 7 ^) 2 , that implies A = B, i.e. 



V(v(-,y)) - bdy = / i||a y w(-,2/)||^2/ for any ^ e (cr,r). 



(3.29) 
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Since, by (Hi), v e H 2 (R x (3/1 , 3/2 ) ) whenever [3/1,3/2] C (c,r), we de rive that the function 
y — > ^\\d y v(-,y)\\2 — V(v(-,y)) is continuous and (iv) follows by (3.29). 

(v) It follows by (i) and (iv). □ 



3.4 The case b > 0. The periodic solutions 



Consider the case b e (0, c). By (ii) of Lemma 3.13 we have tr,f e R. In this case, by 
reflection and periodic continuation, starting from v, we can construct a solution to (E) on 
all ffi 7V+1 periodic in the variable y. Precisely let 



v(x,y) = 



v(x, y + cr) if x E R N and ye [0,t — a) 

v(x, f + (f — a — y)) if x e R N and ye [f — a, 2(f — a 



and v(x,y) = v(x, y + 2k(f - &)) for all (x,y) e R N+1 , k e Z. 
Remark 3.7 Let T = f — a. 

i) The function y e R M> v(-.y) e L 2 (R N ) i s continuous and periodic with period 2T 
Moreover by (ii) and (iu) of Remark 



3.6 



v(-,0) e V b _ and v(-,T) e V£. Finally, by 



definition, —3/) = 3/) and «(-, y + T) = T — y) for any 3/ € 



ii) »£M and, by (w) of Remark 3.6 V(v(-,y)) > b for any y e R \ {kT /keZ}. 



Hi) By (v) of Lemma 3.13 for any k e Z we have liminf a _>. fe ' r ± 3/)||2 = 0. 

, v e C 2 (R N x(0,T)) satisfies -Av(x, y)+v(x, y)-f(v(x, yj) 



3.13 



iv) By (iii) of Lemma I 

for el^x (0,T). 

We have 

Lemma 3.14 v e C 2 (R N+1 ) is a solution of (E) onR N+1 . Moreover, E v (y) = i\\d y v(-,y)\\ 
V(v(-, y)) = -b for allyeR and d y v(-, 0) = d y v(-, T) = 0. Finally v > on 



Proof. First, let us prove that v is a classical solution to (E). To this aim, we first note 
that by Remark 3.7 (iii), there exist four sequences (e^),(^), such that e~ < < e+, 



Vn < < Vn for an y neN, e±, rf n 



and 



Km \\d y v(;e±)\\ 2 = lim || fy«(-> T + rft)\\ 2 = 0. 

n— n— >-+oo 



(3.30) 



Fixed any ip e Cq > (M. n+1 ), by Remark 3.7 (i)-(iv) we obtain that for any k e Z and n 
sufficiently large we have 



= 



(2fc+l)T+J7 7 ; 

R N J2kT+et 

(2k+l)T+ v - 



R N J2kT+et 



-Av ip + vip — f(v)ip dy dx 



VvVip + vip - f(v)ip dy dx + / d y v(x, 2kT + e+)ip(x, 2kT + e+) dx 



d y v(x, (2k + 1)T + rj-)i>(x, (2k + 1)T + ?7 r 7) da; 
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and 



I- /-2fcT+s~ 

= / / —Av ip + +vijj — f(v)ip dy dx 

Jn N J (2k~l)T+ v + 

r 2kT+£- p 

WvWip + +vtl; - f(v)ip dydx- / d y v(x, 2kT + £~)i/j(x, 2kT + e~) dx 
< (2k-l)T+nt Jwl n 

+ [ d y v(x,(2k-l)T + ni)'il>(x,(2k-l)T + r]+)dx. 



By (3.30), in the limit for n — > +00, we obtain that for any fcGZwe have 



p p2kT p Alk+l)T 

0= / / VvVip + vip — f(v)ip dy dx = / / VvVtp + vip — f{v)ip dy dx. 

JR N J(2k-1)T JR N J2kT 

Then, v satisfies 

VuV^ + +vi> - f(v)ipdxdy = 0, V<0 G C^(SL N+1 ) 
and so v is a classical solution to (E) on M JV+1 which is periodic of period 2T in the variable 



y. Since by (v) of Corollary 3.1 we have \\v(-, J/)||hi(s (0 t) ) < C depending only on T, by 
definition of v and using (E) we recover that v £ H 2 (Wi N x y 2 )) for any bounded interval 
(yiiJ/2) C ffi and ||f||ij2(s- j) < C with C depending only on y 2 — yi- This implies in 
particular that the functions y G R ->• d y v(-,y) € L 2 (R W ) and y G R ->• G iJ 1 ^) 

are uniformly continuous. Then lim y ^ + V(i;(-,?/)) — 6 = liminf y ^ + 2/)l|2 = and 

analogously lim y ^ T - V r (w(-,y)) — b = lim y ^ T - \\d y v(-, y)\\2 = 0. By continuity we derive 



that d y v(-, 0) = d y v(-,T) = 0. By (v) of Lemma 3.13 and the definition of v it then follows 
that ±\\d v v{;y)\\ 2 - FOG, j/)) = -b for any i/€R. 

To complete the proof we have to show that v > on K JV+1 . We know that v ^ and since 
v G "H we have u > on M Ar+1 . Since w solves (E) we have —Aw + v = f(v) > on R^ -1-1 
and v > on R w+1 follows from the strong maximum principle. D 

Lemma 3.15 We have d y v > on R N x (0,T) and d Xi v < on {(x,y) G R w+1 | > 0} 
/or every i = 1, AT. 

Proof. To prove that 9 y w > on x (0, T) we first note that since d y v(-, 0) = d y v(-, T) = 
then 9 y w G i?g (R^ x (0, T)) and solves the linear elliptic equation —Ad y v+d y v—f'(v)d y v = 
on l w x (0, T). Then 9 y w G H$(R N x (0, T)) n H 2 (R N x (0, T)) is an eigenfunction of the 
linear selfadjoint operator C v : H%(R N x (0,T)) n iJ 2 (R w x (0,T)) C L 2 ^ x (0,T)) 
L 2 (R W x (0, T)) defined by C v h = —Ah + h — f'(v)h corresponding to the eigenvalue 0. 
The minimality property of v proved in Lemma 3.13f (m) implies (£ v h,h)2 > for any 



h G C5°(IR x (0, T)) and we deduce that is the minimal eigenvalue of C v . Then d y v has 
constant sign on R^ x (0, T). Assume by contradiction that d y v < on M. N x (0, T). Since, by 
construction, v is even with respect to T, that implies that v(x, T) < v(x, y) for all x G M. N 
and < y < 2T. We deduce that d 2 y v(x,T) > for all xeR N and so, multiplying (E) by 
v and recalling that oOon R N+1 we deduce -A x v(x, T) v(x, T) + v(x, T) 2 - f(v)v > 0. 
Integrating with respect to x on R N we obtain V 1 (v(-,T))v(-,T) > contrary to the fact 
that v(-,T) G V\. This shows that d y v > on M N x (<r, r). To prove that d Xi v < on 
{(x,y) G R N+1 I Xi > 0} we note that since ueMfl C 2 (M jv+1 ) we have S| x |«(a;,y) < for 
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all y £ K and |x| ^ 0. Then d^v < on {(x, y) € M Ar+1 | > 0}. Since d Xi v < solves the 
linear elliptic equation — Ad Xi v + d Xi v = f'(v)d Xi v on {(x,y) £ R N+1 \x t > 0} we deduce 
-Ad Xi v + d Xi v < (f(v))+d Xi v < on {(x,y) £ R N+1 \ x t > 0} and since d^v 7^ 0, the 
strong maximum principle assures d Xi v < on {(x, y) £ IR^" 1 " 1 | Xi > 0}. D 



3.5 The case 6 = 0. The homoclinic type mountain pass solution. 

In the case 6 = Lemma [3.13| establishes that f € K but does not give information about 
a. We prove here below that in fact a = —00. 

Lemma 3.16 7/6 = then a = —00. 

Proof. Assume that a £ R. Then, arguing as in the case 6 > 0, by reflection and periodic 
continuation, we construct a solution v £ C 2 (M Ar+1 ) of (E) which is 2(f — er)-periodic in 
the variable y with v(-, 0) € V° and d y v(-, 0) = 0. Since V° = {0} we have i>(x, 0) = and 
d y v(x, 0) = for any x £ ffi . Defining a(x, y) = 1 — f(v(x, y))/v(x, y) when w(cc, y) and 
a(x, j/) = 1 — /'(0) = 1 when u(a;, y) = we have that a is continuous on M JV+1 and v solves 
—Av + a(x, y)v = on E Ar+1 . Defining the function v(-, y) — v(-, y) for y £ (0, 2(f — a)), 
and v(-,y) = for y < or y > 2(f — a), since w(x,0) = d y v(x,0) — v(x,2(f — a)) = 
d y v(x,2(f — a)) — 0, we obtain that also v satisfies —Av + a(x,y)v — on K Ar+1 . But a 
local unique continuation theorem (see e.g. Theorem 5 in |23j ) and a continuation argument 
imply that v = on M Ar+1 while, by definition of a and f, v(-, y) — v(-, y) — v(-, y + a) 7^ 
for y G (0,t- ct). □ 



By Lemma 3.16 we can define the function 

Jw(x, y + f) if x e R N and 2/ € (-00, 0] 
V[X > V) -[*{*, f-y) if x g E w and y £ [0, +00) 



and the argument of the proof of Lemma 3.14 shows that v is a classical solution to (E) in 

mN+l 



Remark 3.8 Again by (v) of Corollary 3.1 and using (E) we recover that v £ H 



T2< 



(?/i,t/2)) for any bounded interval (2/1,2/2) C K and ||u||iT2(s (v j < C with C depending 
only on 2/2 — yx- This implies in particular that the functions y £ M. ^ d y v(-,y) £ L 2 (R N ) 
and y £ K — > v(-,y) £ H 1 (R N ) are uniformly continuous and so linij^-oo T^(v(-, y)) = 
liminfy^+oo V r (u(-,2/)) = 0,1^^0- \\d y v(-,y)\\ 2 =liminf y ^ + \\d v v(-,y)h = 0, and E v (y) = 
\\\d y v{- 1 y)\\\ — V(v(- 7 y)) — for any y £ K. Note finally that v is radially symmetric with 
respect to x, not increasing with respect to |a;|, and, by construction, even in the variable y. 

In the case 6 = the functional ip(u) — J R ^\\d y u(-, x/ ) 1 1 § + V(u(-, u)) dy can be written, 



by Remark 2.2 as <p(u) = ^\\u\\ 2 H1(RN+1 ^- J RN+1 F(u)dxdy = V N+ i(u) for all u £ H 1 (R N+1 ) 
and in particular, denoting cjv+i the mountain pass level of if in J ff 1 (M Ar+1 ), Proposition 
2.1 establishes that ip has a positive radially symmetric critical point w at the level cjv+i- 



We have 



Lemma 3.17 v £ H 1 (R N+1 ) is a critical point of ip on H 1 (R N+1 ) with tp(v) = c/v+i- 
Moreover v £ C 2 {R N ) is a positive solution of (E) on R N+1 such that v(x,y) — > as 
\(x,y)\ — > +00, and, up to translations, v is radially symmetric about the origin and d r v < 
for r = \ (x,y)\ > 0. 
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Proof. By Remark 3.8 we have lim J( _ i ._ 00 V(v(-,y)) — and so there exists ya < —Lq < 



(L as in Corollary 3.1) such that V(v(-,y)) < ft for any y < y . Since by Corollary 3.1 -(h) 
we know that dist(w(-, y), V+) > 4ro for y < — £oj we recognize that v(-,y) € Vf! for any 
1/ < 2/o- Then 7' («(-, ?/)>(•, y) > and by (pTi} we obtain that V(v(-,l/)) > ^||«(-,»)| 



2 



for any y < y Q . Since m = <?(_«,,()) («) > J^,^) V(v(-, y)) dy, using Corollary 3.1(iv), 
we then obtain \\v\\ 2 Hl{RN+1) = 2 \\v(; y)\\ 2 dy < 2 j^V(v(; y)) dy + 2C\y \ < 
^m + 2C\y \, and v e H 1 (R N+1 ) follows. Since u e H 1 (R N+1 ) solves (E) on M Ar+1 , 
we deduce v(x,y) — > as |(x,y)| — > +oo, it is a critical point of <p on iJ 1 (]R Ar+1 ) and, by 
Remark |2.1 1 <p(v) — 2mp > cjv+i- 

We now show that 2too < cjv+i and the Lemma will follows as in the proof of Proposition 

EU 

As recalled above, ip admits on H 1 (R N+1 ) a positive, radially symmetric (in IR^" 1 " 1 ) critical 
point w such that ip(w) = cn + \ and d r w < on R N+1 \ {0} where r — \(x,y)\. In 
particular w(x,y) is radially symmetric with respect to x and monotone decreasing with 
respect to \x\ for any y G K and so w G %. By Lemma 3.2 we know that the energy 
function E w (y) — % \\ d y w(-, y) ||| — V(w(-,y)) is constant on K. Since u>o solves (E) we have 
w £ H 2 {R N+1 ) n C^R^" 1 " 1 ). Then ||w(-,y)|| -> and \\d y w{-,y)\\ 2 -> as y -> ±oo and we 
deduce that E w (y) = 0, i.e., g||^iy(-,y)||2 = V^(w(-,y)) for any t/gK. Since to is even with 
respect to y we have d y w(-,0) = and then V(iu(-,0)) = 0. Since w is radially symmetric 
we have w(-,0) ^ and so w(-,0) G V+. Finally, since <9 r w < on M A ' +1 \ {0} we derive 
that d y w(0,y) > for any y g (— oo, 0) and we conclude V(w(-,y)) = ^\\d y w(-,y)\\2 > for 
any y G (-oo,0). 

The above results tell us that w satisfies the assumption of Lemma |3.4| on the interval 
(—oo,0) and (P(-oc,o)( w ) > m o follows. Hence cn+i — <p(w) > 2mo and we conclude that 
cn+1 = 2m . 

To conclude the proof we note that since v > and — Av + v = f(v) > on M JV+1 , the 
strong maximum principle establishes that v > on IR^" 1 " 1 and so, by Theorem 1 in |18j we 
conclude that, up to translations, v is radially symmetric about the origin and d r v < for 
r = \{x,y)\>0 □ 
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